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Lifting images of arcs
Let X be a compactum and G an upper semi-continuous decomposition of X such that each
element of G is the continuous image of an ordered compactum. If the quotient space X/G
is the continuous image of an ordered compactum, under what conditions is X also the
continuous image of an ordered compactum? Examples around the (non-metric) Hahn–
Mazurkiewicz Theorem show that one must place severe conditions on G if one wishes
to obtain positive results. We prove that the compactum X is the image of an ordered
compactum when each g ∈ G has 0-dimensional boundary. We also consider the case
when G has only countably many non-degenerate elements. These results extend earlier
work of the ﬁrst named author in a number of ways.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The classical Hahn–Mazurkiewicz Theorem asserts that a metric continuum is the continuous image of the closed unit
interval [0,1] if and only if it is locally connected. In the non-metric case, the situation turns out to be quite complicated.
The case of continuous images of non-metric arcs (IOC) did not begin to be systematically studied until 1960. The ﬁrst
characterizations of continuous images of non-metric arcs were given by Bula and Turzan´ski [1] and by Nikiel [8]. For
a survey of the problem, the reader is referred to the excellent survey paper of Treybig and Ward [13].
In 1974, Cornette [2] showed that dendritic continua are continuous images of arcs. Also, he showed that a locally
connected continuum is the continuous image of an arc if and only if each of its true cyclic elements is the continuous
image of an arc. The problem studied in this paper can be considered to be a wide ranging generalization of Cornette’s
results.
Let X be a locally connected continuum and G an upper semi-continuous decomposition of X such that each element
of G is a continuous image of an ordered compactum (IOK). If X is an IOC, then the quotient space X/G is trivially also an
IOC. If X/G is an IOC, we try to ﬁnd conditions which will imply that X is an IOC. We show in Section 3 that it is suﬃcient
for elements of G to have 0-dimensional boundaries. This improves in several ways a result of Daniel [3, Theorem 9].
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for a general positive result it is necessary to take the non-degenerate elements of G to form a null family. Example 2.2
shows that further restrictions are necessary even among rim-countable and locally connected compacta.
In the general case we are guided by a result of Mardešic´ [6, Theorem 1] that if U is an open Fσ subset of an IOK X
and U has connected closure in X then U has metrizable boundary.
The results in Sections 4 and 5 of this paper are extensions of the following result of Daniel [3, Theorem 5] which is
a partial converse to the Mardešic´ Theorem [6].
Theorem 1.1. (Daniel [3]) Let X be a locally connected continuum and Y a closed, nowhere dense, Gδ , metric subcontinuum of Y . If
X \ Y is locally IOC, then X is IOC.
2. Preliminaries
A compactum is a compact Hausdorff space. If X is a compactum, we let exp(X) denote the family of non-empty, closed
subsets of X with the Vietoris topology, i.e., a basic open set in exp(X) is 〈V1, V2, . . . , Vn〉 = {A ∈ exp(X): A ⊂⋃ni=1 Vi
and A ∩ Vi = ∅ for each i = 1, . . . ,n}, where n is a positive integer and each Vi is open in X . A continuum is a connected
compactum. An arc is a continuum X which admits a linear ordering such that the order topology coincides with the given
topology. Each metric arc is homeomorphic to the closed unit interval [0,1] in the real line. It is well known and easy to
prove that each ordered compactum is contained in an ordered continuum.
A T2 space X is said to be an IOK if it is the continuous image of some compact ordered space K . If K is also connected,
then X is said to be IOC. Each IOK is contained in an IOC.
A tree or dendrite is a continuum T such that each pair of distinct points in T is separated by some third point of T .
Each tree is locally connected. A ﬁnite dendron is a tree that is the union of ﬁnitely many arcs.
Nikiel [8], building on work of Ward [14], called a continuum X deeply approximated by ﬁnite dendrons if there exists
a family J of ﬁnite dendrons directed by inclusion such that X =⋃ J and for each open cover U of X there is D0 ∈ J so
that for each D ∈ J with D0 ⊂ D the components of D − D0 reﬁne U .
Theorem 2.1. (Nikiel [8]) If X is a locally connected continuum such that no point separates X then the following are equivalent:
(i) X is the continuous image of an arc, and
(ii) X is deeply approximated by a family of ﬁnite dendrons.
The following fact is useful.
Theorem 2.2. (Treybig [12]) If the locally connected continuum X is the continuous image of an ordered compactum then it is the
continuous image of an ordered continuum.
The next result is often used as a ﬁrst test to determine if a given continuum is the continuous image of an arc.
Theorem 2.3. (Treybig [11]) If X is a non-metric continuum and no two point subset disconnects X then X is not the continuous image
of an ordered compactum.
Example 2.1. Let L denote the long line. Then L is a non-metric arc. By the second theorem of Treybig above, L×[0,1] is not
the continuous image of an arc. Note that the ﬁrst coordinate projection π : L×[0,1] → L deﬁnes an upper semi-continuous
decomposition into arcs.
A family F of sets in a compactum X is said to be a null family if for each open cover U of X there are at most ﬁnitely
many F ∈ F such that F ⊂ U for each U ∈ U .
Example 2.2. In [10], Nikiel, Tuncali, and Tymchatyn describe a locally connected rim-countable continuum X which has
a monotone decomposition G into points and a null family of nowhere dense metric simple closed curves such that X/G is
homeomorphic to a subset of the plane. Thus X/G is the continuous image of [0,1] but X is the continuous image of no
arc.
These examples provide evidence that quite strong conditions are required in order to obtain positive results on the
central question.
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Theorem 3.1. Let X be a locally connected continuum and G an upper semi-continuous decomposition of X such that
(i) each g ∈ G is connected and has zero-dimensional boundary, and
(ii) each g ∈ G is a continuous image of an ordered compactum.
If the quotient space X/G is the continuous image of an ordered continuum then so too is X and each g ∈ G is locally connected.
Proof. First note that G is a null family. If {gα}α∈A is a convergent net in G then by the upper semi-continuity of G there
exists g ∈ G with lim gα ⊂ g and lim gα is a continuum since each gα is a continuum. We may suppose that gα ∩ g = ∅ for
each α ∈ A since G is a decomposition. It follows that lim gα is contained in the boundary of g . Since the boundary of g is
zero-dimensional, lim gα is a point.
Let g ∈ G . We prove that g is locally connected. Let x ∈ g and suppose V is a neighborhood of x ∈ X such that there
does not exist a connected neighborhood W of x in g with W ⊂ V . Let {xα} be a net in V ∩ g converging to x such that for
each α, xα is not in the component of x in V ∩ g . Let U ⊂ Cl(U ) ⊂ V be a neighborhood of x in X . Let Lα be the component
of xα in Cl(U ) ∩ g . Without loss of generality {Lα} converges to L, a continuum in Cl(U ) which meets both x and Fr(U ) by
compactness and the Boundary Bumping Theorem. Let y ∈ L \ (Fr(U )∪ Fr(g)) since Fr(g) is 0-dimensional. Let W ⊂ U \ Fr(g)
be a connected neighborhood of y. Then W is contained in the component of x in g . This is a contradiction.
Since X/G is the continuous image of an ordered continuum, there exists by Theorem 2.1 a family {Dα}α∈ J of ﬁnite
dendrons directed by inclusion in X/G such that
⋃
Dα = X/G . For each α  β in J , let f βα : Dβ → Dα be the monotone
retraction. Since bonding maps are monotone and the factor spaces are locally connected, the inverse limit space T J =
lim inv(Dα, f
β
α , J ) is locally connected. In fact, Ward [14] showed that T J is a tree. Ward further showed that f : T J → X/G
deﬁned by f ((zα)α∈ J ) = limα∈ J zα is a continuous mapping of T J onto X/G .
For α ∈ J , let D ′α = {(zβ)β∈ J ∈ T J : there exists w ∈ Dα such that f βα (zβ) = w for each β  α}. It is easy to see that D ′α
is closed in T J and f |D ′α : D ′α → Dα is a homeomorphism onto Dα .
Since the Dα are trees directed by inclusion and f restricted to each D ′α is an embedding it follows that for each g ∈ G
there exists at most one point xg ∈ f −1([g]) such that xg ∈ D ′α for some α. If g ∈ G such that f −1([g]) is contained in
T J \⋃ D ′α , let xg be an arbitrary point in f −1([g]). It is easy to see that T J \⋃ D ′α consists of endpoints of T J .
Let π : X → X/G be the quotient map. For each g ∈ G with |g| > 1, let f g : Lg → g be a continuous surjection of an
arc Lg onto g . Let g ∈ G with |g| > 1 and K be a component of T J − {xg}. Note that Cl(K ) is a tree. If W is a small
connected neighborhood of xg in Cl(K ), then W − f −1([g]) is connected since the points of Cl(K ) ∩ f −1([g]) are endpoints
of the tree Cl(K ). Therefore, π−1( f (W − f −1([g]))) is connected.
Now, limW→{x} Cl(π−1( f (W − f −1([g])))) exists and is a continuum in the boundary of g . Since the boundary of g is
zero-dimensional there exists tK ∈ g so that limW→{x} Cl(π−1( f (W − f −1([g])))) = {tK }. Let sK = inf{ f −1g (tK )} ∈ Lg .
It remains to construct a new tree T from T J and a continuous map F : T → X onto X . The tree T is obtained by
replacing each point xg for g ∈ G with |g| > 1 by the arc Lg . The components of T \ Lg will be in one-to-one correspondence
with the components of T J \ {xg}. If K is a component of T J \ {xg} and K ′ is the corresponding component of T \ Lg , then
K ′ is glued onto Lg at the point sK of Lg . More precisely, let T = (T J −{xg : g ∈ G})∪ (⋃{Lg : g ∈ G}) be the disjoint union.
Deﬁne a function m : T → T J such that m(Lg) = {xg} and m(x) = x if x ∈ T J and x = xg for any g ∈ G . We topologize T as
follows: Let t ∈ T and let U be a connected neighborhood of m(t) in T J . We deﬁne a connected neighborhood U∗ of t as
follows: If t /∈⋃{Lg : g ∈ G}, let U∗ = m−1(U ). Suppose t ∈ Lg for some g ∈ G . Let V be a small connected neighborhood
of t in Lg and let U∗ = V ∪ (⋃{m−1(K ∩ U ): K is a component of T J − {m(t)} and sK ∈ V }).
It is easy to see that T is a continuum. The collection {Lg : g ∈ G} is a null family in T . Let a and b be distinct points of T .
If m(a) = m(b), then m(a) ∈ Lg for some g ∈ G . Since Lg is an arc, each point of the open interval (a,b) ⊂ Lg separates a
and b in Lg . By the construction of T it also separates a and b in T . If m(a) = m(b), let c ∈ T J so that c separates m(a)
and m(b) in T J . If K is the component of m(a) in T J − {c} then sK separates a from b in T so that T is a tree.
Deﬁne F : T → X as follows: For t ∈ Lg for some g ∈ G , set F (t) = f g(t). Suppose t ∈ (T −⋃g∈G, |g|>1 Lg). If t is a cut
point of T then t ∈ T J and π−1( f (t)) = {x}, which is a degenerate element of G . Let F (t) = x. If t is an endpoint of T then t
is an endpoint of T J . Let F (t) = tK ∈ π−1( f (m(t))) where K = T J −{t}. It is easy to see that F is continuous and surjective.
By Cornette’s Theorem X is the continuous image of an arc. 
Remark. In Theorem 3.1 we cannot replace the condition that each g ∈ G has 0-dimensional boundary with the weaker
condition that each g ∈ G has a (countable) basis of neighborhoods with 0-dimensional (even countable) boundaries. This is
illustrated by Example 2.2.
Theorem 3.2 is the generalization of Theorem 3.1 obtained by dropping the condition that each g ∈ G is connected.
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dimensional boundaries in X. Then X is the continuous image of an ordered continuum if and only if the quotient space X/G is the
continuous image of an ordered continuum.
Proof. If X is the continuous image of an ordered continuum then it follows trivially that X/G is as well.
Suppose now that X/G is the continuous image of an ordered continuum. We prove ﬁrst that we may assume that each
g ∈ G is the continuous image of an arc. We do this by replacing the non-degenerate elements of G by IOC’s to get a locally
connected continuum X ′ which contains X as a subcontinuum such that the decomposition G on X is the restriction of an
upper semi-continuous decomposition G ′ of X ′ into IOC’s with zero-dimensional boundaries and X ′/G ′ = X/G .
Let G = {g ∈ G: |g| > 1}. Let g ∈ G and let f g : Kg → g be a continuous mapping of an ordered compactum Kg onto g .
Let Lg be an ordered continuum which contains Kg . Deﬁne an equivalence relation ∼g on Lg by setting x ∼g y if x = y or
f g(x) = f g(y). Since f g is continuous and Kg is closed, ∼g is upper semi-continuous. Let hg : Lg → g′ be the quotient map
of Lg onto the quotient space Lg/∼g = g′ .
Let X ′ = (⋃g∈G g′) ∪ (X −⋃G) be the disjoint union. We topologize X ′ as follows: Let x ∈ X ′ . If x ∈ (g′ − g) for some
g ∈ G then x lies in an open arc D which is a component of (g′ − g). Then a basic neighborhood of x in X ′ is a basic
neighborhood of x in D . Now suppose x ∈ X . Let U be a basic open neighborhood of x in X . Let g ∈ G so that g ∩ U = ∅.
Let g∗ be a neighborhood of g ∩ U in g′ such that, for all but ﬁnitely many components (u, v) of g′ \ g where u, v ∈ U ,
(u, v) ⊂ g∗ and for all but ﬁnitely many such g if (u, v) is a component of g′ \ g with u, v ∈ U , then (u, v) ⊂ g∗ . Then
U∗ =⋃{g∗: g ∈ G and g ∩ U = ∅} is a basic neighborhood of x in X ′ .
It is not diﬃcult to see that X ′ with this topology is a locally connected continuum and X is naturally contained in X ′
as a closed subspace. Also, G ′ = {g′: g ∈ G} is an upper semi-continuous decomposition of X ′ into continua which are
continuous images of ordered continua. For each g ∈ G , the boundary of g′ in X ′ is the boundary of g in X and is therefore
zero-dimensional. Further, X ′/G ′ is naturally homeomorphic to X/G .
By Theorem 3.1, X ′ is the continuous image of an arc. Hence its closed subspace X is the continuous image of an ordered
compactum. Since X is a locally connected continuum, it is the continuous image of an arc by Theorem 2.2. 
4. Local IOKs
In this section we begin to consider the case where elements of G do not necessarily have 0-dimensional boundaries.
A space X is locally IOK if each x ∈ X has an open neighborhood U so that Cl(U ) is IOK. The following theorem extends
Theorem 1.1 to compacta.
Theorem 4.1. Let X be a compactum and Y a closed Gδ metric subspace. If X \ Y is locally IOK, then X is IOK.
Proof. As open subsets of compact metric spaces are locally IOK, we may suppose Y is nowhere dense in X .
Let {Vn}∞n=1 be a sequence of proper open subsets of X such that Cl(Vn+1) ⊂ Vn for each n and Y =
⋂∞
n=1 Vn . Let
fn : X → [0,1] be a continuous function for each n so that if f =∏∞n=1 fn : X →∏∞n=1[0,1] then f |Y is an embedding of Y
into the Hilbert cube
∏∞
n=1[0,1].
Let U1 = V1 and let H1 be an irreducible open (in X ) cover of Y so diam f (h) < 3−1 and h ⊂ U1 for each h ∈ H1. Let i1
be an integer so that Cl(Vi1 ) ⊂
⋃
H1 and let U2 = Vi1 . For each h ∈ H1, let xh ∈ h ∩ Y and let P1 = {xh: h ∈ H1}.
Since X1 = (X \ U2)∪ P1 is compact and locally IOK, it is IOK. Let φ1 : K1 → X1 be a continuous surjection of an ordered
compactum K1. Since P1 is a ﬁnite open subset of X1, we may without loss of generality suppose that φ
−1
1 (xh) = {m1,h} for
each h ∈ H1.
Suppose n is a positive integer; {Ui}n+1i=1 are open sets; {Hi}ni=1 are irreducible ﬁnite open covers of Y so that
diam( f (h)) < 3−i for h ∈ Hi and Y ⊂ Ui+1 ⊂ Cl(Ui+1) ⊂ ⋃ Hi ⊂ Ui for i = 1,2, . . . ,n; {Pi}ni=1 are ﬁnite sets with
Pi = {xh: xh ∈ h ∩ Y for h ∈ Hi}; Xi = (X \ Ui+1) ∪ Pi ; {Ki}ni=1 are ordered compacta; φi : Ki → Xi are continuous surjec-
tions such that φ−1(xh) = {mi,h} for each h ∈ Hi ; πi : Ki+1 → Ki are order preserving surjections with Ki \ φ−1i (Pi) ⊂ Ki+1,
φi+1(Ki+1 \ Ki) ⊂⋃ Hi and φi+1(x) = φi(x) for x ∈ Ki \ φ−1i (Pi) for each i.
Let Hn+1 be an irreducible, ﬁnite open cover of Y such that
⋃
Hn+1⊂ Un+1, Hn+1 star reﬁnes Hn and diam( f (h))< 3−n−1
for h ∈ Hn+1. For each h ∈ Hn+1, let xh ∈ h ∩ Y , Pn+1 = {xh: h ∈ Hn+1} and c(h) ∈ Hn such that st(h, Hn+1) ⊂ c(h). Let
in+1  n+ 1 be an integer so that Cl(Vin+1) ⊂
⋃
Hn+1 and let Un+2 = Vin+1 .
For each r ∈ Hn , let φn+1,r : Kn+1,r → (Cl(r) \ Un+2) ∪ {xh ∈ Pn+1: c(h) = r} be a continuous surjection of an ordered
compactum Kn+1,r such that for each xh ∈ Pn+1 such that c(h) = r, φ−1n+1,r(xh) = {mn+1,h}.
Let Kn+1 = (Kn \ {mn,r: r ∈ Hn}) ∪⋃{Kn+1,r: r ∈ Hn} be the disjoint union. Give Kn+1 the linear order which
(a) extends the linear order on Kn \ {mn,r: r ∈ Hn} and on Kn+1,n for r ∈ Hn+1,
(b) if x ∈ Kn+1,r and y ∈ Kn+1,s for r, s ∈ Hn and mn,r <mn,s , then x< y,
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order preserving function deﬁned by setting
πn(x) =
{
x if x ∈ Kn \ {mn,r: r ∈ Hn},
mn,r if x ∈ Kn+1,r for r ∈ Hn.
Let φn+1 : Kn+1 → Xn+1 be the function φn+1 = φn|Kn\{mn,r : r∈Hn} ∪
⋃{φn,r: r ∈ Hn}.
By induction, Un , Kn , Hn , Pn , πn and φn are deﬁned for all positive integers n. Deﬁne K = lim←−(Kn,πn). Then K is an
ordered compactum. For each i, let ηi : K → Ki be the ith-coordinate projection.
Deﬁne φ : K → X by setting φ(x) = φn(x) if x ∈ Kn \ {mn,r: r ∈ Hn} for some n. Then φ is continuous at x because
φn+1(x) = φn(x) and Kn \ {mn,r: r ∈ Hn} is open in K since Hn is ﬁnite. If x ∈ K \ (Kn \ {mn,r: r ∈ Hn}) for each n then x
is a thread which corresponds to a sequence {hi} with hi ∈ Hi such that st(hi+1, Hi+1) ⊂ hi for each i. In this case, we
set φ(x) = z where ⋂hi = {z}. Since η−1i+1(Ki+1,hi+1 ) is an open neighborhood of x in K and φ(η−1i+1(Ki+1,hi+1 )) ⊂ hi , φ is
continuous at x. Clearly X \ Y ⊂ φ(K ). Since Y is nowhere dense, K is compact and φ is continuous, φ is surjective. 
Corollary 4.2. Suppose X is a compactum and Y is a closed Gδ subset of X with metrizable boundary. If Y is the continuous
image of an ordered compactum and X is locally the continuous image of an ordered compactum at each point of X − Y
then X is the continuous image of an ordered compactum.
Proof. By Theorem 4.1, there is a continuous surjection of an ordered compactum K onto Cl(X − Y ). By hypothesis, there is
a continuous surjection of an ordered compactum K2 onto Y . It is then straightforward to construct an ordered compactum
K = K1 ∪ K2, the disjoint union and a continuous surjection of K onto X . 
Corollary 4.3. Suppose X is a continuum. If the closure Y of the union of all continua of convergence in X is a metrizable Gδ
subset in X then X is the continuous image of an ordered compactum.
Proof. Since X − Y is open and contains no continuum of convergence, X is hereditarily locally connected at each point
of X − Y . By Nikiel [9], X is then locally the continuous image of an ordered compactum at each point of X − Y . By
Corollary 4.2, the result follows. 
Corollary 4.4. Let X denote a perfectly normal continuum. Let Y denote the closure of the union of all non-degenerate
continua of convergence in X . If Y is metrizable then X is the continuous image of an ordered compactum.
Proof. Since X is perfectly normal, Y is Gδ in X . 
Corollary 4.5. Let X denote a Suslinian continuum. Let Y denote the closure of the union of all non-degenerate continua of
convergence in X . If Y is metrizable then X is the continuous image of an ordered compactum.
Proof. By [4], X is perfectly normal, so Corollary 4.4 applies. 
5. Countable null decompositions
We complete the paper with another generalization of Theorem 1.1.
Theorem 5.1. Let X be a compactum and {g1, g2, . . .} a sequence of pairwise, disjoint, Gδ , IOK subsets with metric boundaries. Suppose
that there exists a null sequence {Ui} of open subsets of X such that, for each i, gi ⊂ Ui . Let G be the upper semi-continuous decompo-
sition of X whose elements are points and the elements gi ∈ {g1, g2, . . .}. Then X is the continuous image of an ordered continuum if
and only if the quotient space X/G is the continuous image of an ordered continuum.
Proof. If X is the continuous image of an ordered compactum then the quotient space clearly is as well.
Suppose, therefore, that X/G is the continuous image of an ordered compactum. For each positive integer i, let Gi =
{gi, gi+1, . . .}, Xi = X/Gi and πi : X → Xi and π ji : X j → Xi be the natural projections for i < j. It is easy to see that X is
homeomorphic to the inverse limit of the inverse sequence (Xi,π
j
i ).
Since π1(Ui) is a neighborhood of [gi] in X/G1, we may assume π1(Ui) is open in X1 for each i. (Simply remove from
each Ui each g j such that g j ⊂ Ui .) Since X1 is compact Hausdorff and hence normal we may suppose that for i < j, either
g j ⊂ Ui or g j ⊂ X \ Cl(Ui). Further, we may suppose that for i < j either
Cl(U j) ⊂ Ui \ (g1 ∪ · · · ∪ g j−1) or
Cl(U j) ⊂ X \
(
Cl(Ui) ∪ g1 ∪ · · · ∪ g j−1
)
. (†)
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) ∈ πi(Cl(Ui)) if x ∈ h−1i+1(πi+1(Cl(Ui))) (∗)
hold.
Since G1 = G , let h1 : K1 → X1 be a continuous surjection of an ordered compactum K1 onto X1 and let k1 ∈ h−11 ([g1]).
Let η2 : L2 → π2(Cl(U1)) be a continuous surjection of an ordered compactum L2 by Theorem 4.1. Let K2 = (K1 \
h−11 (π1(U1))) ∪ L2 be the disjoint union with the linear order which extends the linear orders on K1 \ h−11 (π1(U1)) and
on L2 and such that if a ∈ K2 \ L2 and b ∈ L2, then a < b if and only if a < k1 in K1. Deﬁne φ21 : K2 → K1
φ21(x) =
{
x if x ∈ K2 \ L2,
k1 if x ∈ L2.




−1(h1(x)) if x ∈ K2 \ L2,
η2(x) if x ∈ L2.
Then h2 is a continuous surjection and the conditions (∗) are satisﬁed for i = 1.
Suppose n is a positive integer {Ki}n+1i=1 and {Li}n+1i=2 are ordered compacta, hi : Ki → Xi and ηi : Li → πi(Cl(Ui−1)) are con-
tinuous surjections with Ki+1 = (Ki \ h−1i (πi(Ui))) ∪ Li+1 and φ ji : K j → Ki are order preserving continuous mappings such
that φ ji = φi+1i ◦ · · · ◦ φ jj−1 for 1 i < j  n + 1. Let kn+1 ∈ h−1n+1([gn+1]). Let ηn+2 : Ln+2 → πn+2(Cl(Un+1)) be a continuous
surjection of an ordered compactum Ln+2 onto πn+2(Cl(Un+1)) by Theorem 4.1. Let Kn+2 = (Kn+1 \h−1n+1(πn+1(Un+1)))∪ Ln+2
be the disjoint union with the linear order which extends the linear orders on Kn+2 \ Ln+2 and on Ln+2 and such that if
a ∈ Kn+2 \ Ln+2 and b ∈ Ln+2, then a < b if and only if a < kn+1. Let hn+2 : Kn+2 → Xn+2 be deﬁned by
hn+2(x) =
{
hn+1(x) if x ∈ Kn+2 \ Ln+2,
ηn+2(x) if x ∈ Ln+2.
Deﬁne φn+2n+1 : Kn+2 → Ln+2 by
φn+2n+1(x) =
{
x if x ∈ Kn+2 \ Ln+2,
kn+1 if x ∈ Ln+2.
Then hn+2 is a continuous surjection and φn+2n+1 is a continuous and order preserving function. The conditions (∗) are satisﬁed
for i = n + 1. By induction the construction is complete.
Let K = lim←−(Kn, φmn ). For each n, let φn : K → Kn be the nth-coordinate projection. For each n there is a continuous
function Fn : K → X/Gn deﬁned by Fn(x) = limm→∞ πmn ◦hm ◦φm(x) for x ∈ K . To see that this limit exists observe that if n <
m < r then either πmn ◦hm ◦φm(x) = π rn ◦hr ◦φr(x) or πmn ◦hm ◦φm(x), π rn ◦hr ◦φr(x) ∈ πn(Cl(U j)) for some j ∈ {m,m+1, . . . , r}
by (∗) and (†). Since {Ui} is a null family, Fn(x) exists. That the function Fn is continuous and that (F1(x), F2(x), . . .) is
a thread are proved as in Mioduszewski [7, Theorem 2]. So F = (F1, F2, . . .) : K → lim←−(Xi,π ji ) is a continuous surjection as
in [5, VII. 3.13]. 
Remark concerning Theorem 5.1. We do not know whether it is suﬃcient in Theorem 5.1 to replace the condition that {Ui}
is a null family by the condition that G be a null family.
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